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1 Introduction 

The aim of this paper is to describe two new classes of locally complete intersec- 
tion (lei for short) nilpotent structures on a smooth algebraic variety as support, 
which we call cuspidal of types C2,n; C^^n- We recall the known classes: 1) "prim- 
itive or "quasiprimitive" structures constructed in |BF1| , |BF2j , and studied by 
several authors (cf. |Bo) , [Dr] ) (given locally - respectively in the general point 
- by ideals of the form (a;", zi, . . . z^) ) and 2) "next" locally monomial case, 
constructed in jM4j . where a class of multiple structures which contains the lei 
multiple structures defined locally by an ideal of the shape (x", j/^, zi . . . Zr) is 
studied. 

The two classes of lei structures on a smooth algebraic variety as support 
studied here are characterized by ideals which locally have the form (y^ -|- 
x", xy, zi, . . . , Zr) respectively {y'^ + a;", xy, Zi, . . . , Zr), in convenient local pa- 
rameters X, y, Zi, . . . Zr- 

2 Preliminaries 

Let X be a smooth connected algebraic variety over an algebraically closed 
field k and a locally Cohen-Macaulay scheme Y such that Yred is X. In this 
case Y is called a multiple structure on X and all local rings of Y have the same 
multiplicity (cf. |Mlj ). which is called the multiplicity ofY. Let Y be embedded 
in a smooth variety P. To Y one associates canonically three filtrations. Let 
/ be the (sheaf) ideal of X in P and J be the ideal of Y in P. Let m be the 
positive integer such that /™ J, c J. The three filtrations are: 

1. Let /(^^ be the ideal obtained throwing away the embedded components of 
+ J and let Zi be the corresponding scheme. This gives the Bdnicd-Forster 
filtration (cf. [BF2] 1: 

Oy = D / = D D ... D D /(™+^' = 

X — Zi C Z2 C ... C Zm C Zm+l = Y 



Zi are not, in general, Cohen-Macaulay. But this is true if dim(X) = 1. The 
graded associated object B(Y^ = ^^^V^^^"*"^^ is naturally a graded Ox- 

algebra. If the schemes Zi are Cohen-Macaulay, the graded components of B{Y) 
are locally free sheaves on X. 

2. Let Xi be defined by /<> = J : Again, if dim(X) = 1, Xi are Cohen- 
Macaulay. This is also true if Y is lei (i.e. locally complete intersection) of 
multiplicity at most 6 (cf. }M2) ) . In general this is not always the case. When 
Xg are Cohen-Macaulay, the quotients Ig/Ig+i are locally free sheaves on X. 
This filtration was considered in |M1| . 

3. Let Ye be the scheme given by Jf = J : I,n+i-e = J : (J : I^). When 
Xi is Cohen-Macaulay, Yi has the same property. The graded object A{Y) = 
0"lo JfJ Ji+i is a graded Ox-algebra and M{Y) = ©^lo -^^Z-^^+i is a graded 
^(y)-module. This filtration was considered in jM2j . 

The system of the graded components {Aq(Y), . . . Am{Y):, M[){X), . . . Mm{Y)) 
is called the type ofY. Y is called of free type when all the graded pieces are 
locally free. As already remarked, in dimension 1, or if Y is lei of multiplicity 
up to 6, this is the case. 
Recall some properties: 

1) In general the above filtrations are different. Take for instance X = 
Spec{k), Y — Spec(/c[a;, y]/{x'^ , xy, y"*)), P — Specfc[a;, y] 

2) C C Xi 

2') there are canonical morphisms: B{Y) — > A{Y) — ^ M{Y) 

3) The multiplications 

Ai ® Ai^ Ai^+i^ 
Ae, (E) Mi, Me,+i, 

are never the zero morphisms for > 0, £i + £2 < rn (cf. |M2] . 

4) There are canonical edge morphisms M-m-i Ai 

5) One has the exact sequences: 

^ Mi{Y) ^ Ox,+, ^Ox.^Q 
Q ^ Ai{Y) ^ Oy,+, ^Oy.^Q 

6) If F is Gorenstein of free type, then Xi and Ym+i-i are locally algebraically 
linked (cf. [Mlj . In particular one has the exact sequences: 

wx„+i_, ® Oy ^ Oy, ^ Q 

0JY^^^_i u)y^ -^Oy Oxt 

7) Duality. Let F be a free type Cohen-Macaulay multiple structure on a 
smooth support X. 

Then Y is Gorenstein if and only if the following conditions are fulfilled: 
a) Am and A4m are line bundles 

(b) An = M,n 

(c) The canonical morphisms: 

Ai Homox (Mm-e, Mm) = Mi 
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are isomorphisms (cf |M3| ) 

7') In particular: if Y is Gorenstcin of free type, then (cf also | M2| ): 

(a) rank Ai{Y) = rank Mm-eiY) 

(6) Ai{Y) = Mi{Y) iff rank Ae{Y) = rank A^-eiY) 

In this paper all the schemes are algebraic schemes over a fixed algebraically 
closed field fc, of characteristic 0. 



3 Cuspidal Multiple Structures 

Definition 1. Let X be a smooth variety embedded in a smooth one P. Suppose 
codimpX > 2. We say that a nilpotent scheme structure Y d P on X is a 
cuspidal nilpotent structure (of type Cm,n) if, in any point p ^ X, there are 
local parameters such that the completed local rings have the following shape: 





= k[ 


[ui,. 


■,Ud 










= k[ 


[ui,. 


■,Ud 


x,y,zi, . 


■ , Zr]] 




Op^Y 


= k[ 


[ui,. 


■,Ud 


x,y,zi, . 


■ ,zr]]/{y"' +x",xy,zi,. 


■ , Zr) ,m < n 



In the following all local shapes of various ideals are considered in Op^x ■ 



3.1 G 



2,n 



We assume n > 3. The case n = 2 is treated in |M1) . |M2j . In the following one 
denotes z = (zi, . . . , Zr). If y is a cuspidal nilpotent structure of type C2,n on 
X C P, then the canonical filtrations, look locally: 



J 




— J — I71+I 




J 


iJ 


n 








J 


/I 


= {x'^,xy,y'^,z) 


= /„ 


J 


{J 


I') 


= {x,y,z) = 


J - 


= Ji 


J 




= (x"^\y,z) = 


In-l 


J 


(J 


p) 


= {x'^,xy,y'^ 


^) 




J 




= (a;""^y,z) = 


In -2 


J 


{J 


p) 


= {x^,xy,y^ 






J 


jn—1 


= (2:^,y,z) = h 




J 


(J 


/"-I) 






z) = 


J 


jn 


= {x,y,z) = I = 


h 


J 


{J 








— Jn 


J 


jn+1 


-0 = /o 




J 


{J 




— J = Jn+l 







Let Xi be the scheme defined by Ig and Yg the scheme defined by Ji. Then 
/1//2 = i is a line bundle on X and the scheme X2 defined by I2 is a double 

-c^ , 1 , T- T- T / T T / T multiplication i ^ -r 

structure on X. Observe that L <g) L — I/I2 ® I/h > P/Ih is 

surjective, so an isomorphism = P/II2- As the morphism P/Ip I2/I3 
is a surjection between locally free rank 1 sheaves on X, it follows I2/I3 — L^- 
In a similar way one shows Ig/Ii^i = P /P^^l2 = P for ^ = 3, . . . ,ri — 2. 



E' :~ In-i/P is obviously a rank 2 vector bundle on X and P/In+i 



L". So: 
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Analogously: 

Ay = Ox (S E (S L"^ ® . ■ . ® L"" , 

where E = J/J2, = Ji/ Ji+i, i = 2, . . . ,n. 

In almost all degrees, the canonical morphism Ay -My is an isomorphism. 
The exceptions are the surjection {Ay)i = E ^ L = {M.y)i and the injection 
{Ay)n-i = i""^ -)■£" = {My)n-i- We denote by K the kernel oi E ^ L, so 
K = I2/J2- The duality ^ Al_^ ® L" gives E' ^ E'^ (g) L"" . The canonical 
morphism A4n-i — ^ Ai completes to the exact sequence: 

0^ L"-i E' ->■ E ->■ L ^ 

II II II II 

*J — ' — ? — Ti ^? — \ — — ' 7 — n 7 T — ' 7 — ^3 — T — ' 7 — 7 ^? \ — ' 

{x^ ,xy {x^ ,xy jy'' ,1} \x^,xy,y^,i) {x-^ ,xy ,z) 

This decomposes into two exact sequences: 

^ L"~i £^ ® L" ^ 7^ 

O-s-if-^ E -s-L^O 

and so i" . 

A necessary condition, loss obvious, is given next: 

Lemma. // a cuspidal structure Y of type C2,n does exists on X C P, with E, L, K 
as above, then one should have an exact sequence: 

0^ E ^ K ^0 

Proof. As K ^ I2/J2, the multiplication gives: K ^ K ^ I2/J2 ® I2/J2 I2/I2J2 
which is a surjective morphism of locally free rank one sheaves on X, hence an iso- 
morphism. 

As the morphism I2/I2J2 — >■ Il2/{I^ n Jn) is also a surjective morphism of locally free 
rank 1 sheaves on X, it is also an isomorphism. So: = Il2/{I^ n J3). 
Similarly one shows: E®K^ I/J2 ® I2/J2 = Ih/IJ2. 
As IJ2 C n J3 we get the exact sequence: 

„ I^nJs Ih II2 

It is easy to show that the first nonzero term of this sequence is isomorphic to Lig) K. 
Indeed, the multiplication gives : L®K = I / 12® I2/ J2 —5- //2/(-f J2 + /I )i which must 
be an isomorphim, being a surjection of locally free rank 1 sheaves on X. Moreover: 
n J3 C II2, so that one has a morphism: 

n J3 II2 



IJ2 IJ2+II ■ 

which is again a surjection between locally free rank 1 sheaves on X, and so an iso- 
morphism. So far we get an exact sequence: 

0-^L(g}K^E<S)K-^K'^^Q, 

where from the exact sequence of the lemma. □ 

Conversely: 
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Theorem. Let X C P be two smooth varieties, codimpX > 2. Let I be the sheaf-ideal 
of X in P. All cuspidal nilpotent structures of type C2,n on X, embedded in P can be 
obtained in the following way: 

Step 1. Give two line bundles L, K on X, satisfying L" = and an extension — > 
K — ^ E L — ^ , such that there exists also an extension 

Step 2. Give two surjections p2 : I /I^ —¥ E, q2 : I/I^ —¥ L such that the diagram : 

I/I^ E 
II 

I/I^ ^ L 

is commutative. Take J2 = ker{I — >■ I/I^ E), I2 = ker{I I/l'^ ^ L). Then K = 
I2/J2, K ®E = II2/IJ2, and, in convenient "local coordinates", J2 = {x^,xy,y'^,z), 
I2 = (a;^,j/,z). 

Step 3. Give a retract qs of the canonical inclusion = /II2 ^ I2/II2, give 
Pz '■ J2I IJ2 —¥ a surjection which makes commutative the diagram 



J2/IJ: 



I2/II2 




and take J3 — ker{J2 — > I/IJ2 — > L^), I3 = ker{l2 I/II2 — > L^). Then, in 
convenient local coordinates, J3 = {x^,xy,y^,z), I3 = {x^,y,z), and 



Step £, I = 4, ...,n — 1. Give a retract qe of the canonical inclusion L^ ^ = 
I^-^/f-^l2 ^ le-i/IIe-i, give pe : Je-i/IJe-i L^ ^ a surjection which makes 
commutative the diagram: 



Je-i/IJe-i — !■ !■ 




and take Je = ker{Je-i — >• Je-i/IJe-i le = ker{Ie-i le-i/IIe-i — >• 

Then, in convenient "local coordinates", Je, = {x^ ,xy,y^ ,z), le = {x^,y,z), K = lejJe 

E 6^ K = = (^^^'' •^y-v^ •^^•y^'^^) 
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step n. Suppose first n > 4. Then give a retract pn of the canonical inclusion L" = 
in^jn-2j^ ^ j^^^/Ij^^^^ Take J„^I„ = fcer(J„_i ^ J„_i//J„_i ^ L""!). Then 
Iln-i <Z Jn C In-1, and Jn/IIn-1 J„-i///„_i is tnjcctive. Denote by E' the 
cokemel of this morphism. Then E' is a vector bundle of rank 2. 

Ifn = 3, L"~^ = is no longer a subbundle of Jn-i/IJn-i ~ J2/IJ2- The morphism 
P3 is chosen such that the following diagram to be commutative: 

J2/IJ2 L2 y 




12/1/2 

and then proceed as in the case n > 4. In local convenient coordinates Jn ~ In = 
{x",xy,y^,z) 

Step n+1. The morphism 

T^^,/T/T\ /r IT \ multiplication ^ ^ //^t r -r \ 

K®K^ {I2/J2) ® (In-l/Jn-l) > /2/n-l/(/2 Jn-1 + J2) 

is a surjection of locally free rank 1 sheaves, hence an isomorphism. 
Takepn+i : In/Hn ~* L" ^ a retract of the canonical inclusion L" = I"/I"~^l2 ^ 
In/IIn and of the canonical inclusion = l2ln~i/{l2Jn~i + /n-i J2) ^ In/IIn- 
Then, locally, in convenient coordinates, Jn+i — (y^ +x",xy,z), so that J„+i defines 
a C2,n cuspidal multiple structure Y C P on X. 

Proof. All we have to do is to carefully verify, mainly by computation, the assertions 
made in the theorem. 

□ 

3.2 Cj,^n 

We assume n > 4. The case n = 3 is treated in |M2| . 

If y is a cuspidal nilpotent structure of type Ca.n on X C P, then the canonical 
filtrations look locally: 



J 




— J = In + 1 


J 


(J 


n 


= 




J 




= {x",xy,y'-',z) = /„ 


J 


{J 




= {x,y,z) = J -- 


= Jl 


J 




= (x"~\x2/,y^z) = In-l 


J 


(J 


I') 


= a;y, l/^ z) 


= J2 


J 




= {x"~'^,y,z) = In~2 


J 


{J 






= J3 


J 




= {x'^,y,z) = I2 


J 


iJ 




= (a;"-^a:y,y^ 


z) = 


J 


r 


= {x,y,z) = I = h 


J 


{J 


r) 


= {x",xy,y\z) 


— Jn 


J 


jn + l 


= = Io 


J 


(J 




~ J ~ Jn + l 





Let be the scheme defined by le and Ye the scheme defined by Ji. 
One shows that the associated graded objects have the shape: 

My = Ox e L (B ® . . . ® L"'^ ® F' ® E' ® L" . 



Analogously: 

Ay = Ox ® E ® F ® ® . . . ® I^' 
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where = le/h+i ^ I'/l'-^h, e = 1, . . . ,n - 3, F' = 7„_2//„-i, E' = 7„-i/7„, 
E = I/J2,F = J2/J3. = Je/Ji+u £ = 3,...,n. 

The canonical morphism Ay A4y i.s an isomorphism in all degrees except degrees 
l,2,n — 2,n— 1. We analyze these situations: 

Degree 1: The morphism _E — ^ L is an epimorphism, and let K be the kernel, i.e. 
K ~ /2/J2. 

Degree 2: One proves easily S'^E ^ l'^/IJ2, E ® K II2/IJ2, K'^ = /I//2 J2. Also, 
the canonical morphism I2/I2J2 — ^ Il2/I^ fl J3 is a surjection between two locally 
free rank 1 sheaves, i.e. an isomorphism. Moreover, the surjectivity of the canonical 
morphism Ih/I^ n J3 — > is n J2/J3 gives a new expression of . Summing up: 
j^2 ^ ^ II-z/l'^nJ-A = I-Ar\J2/J-A. The multiplication in Ay gives a morphism: 

S^E — >■ F, which completes to an exact sequence: 

^ n J3//J2 ^ I''IIJ2 J2/./3 ^ 

Observe that L ® K = //2/(/| + /J2), and, as fl J3 C II2, one has a canonical 
morphism fl J3/IJ2 — > Il2/{IJ2 + I2), which, as a surjective morphism of locally 
free rank 1 sheaves, is an isomorphism. The above exact sequence becomes: 

L®K ^ S^E -^F ^0 . 

The canonical surjection E —¥ L gives the surjection S^E — >■ L^, which complepro- 
ducestes to the exact sequence: 

II2/IJ2 i^lIJ2 I'^/Ih 

i.e. 

S (g> S'^E ->• . 
One has the exact sequence: 

^- /a n J2/J3 J2/J3 h/h , 

which translates to: 

^ /r^ F ^- 0. 
This fits in the commutative diagram: 




> K'^ > F > > 

Degree n—2: We have to analyze L"~^ —¥ F' . This morphism is injective and completes 
to the exact sequence: 

o^:Ipl^Ip^^ 

Jn—1 in—1 Jn—2-\-J-n—l 

As the surjective morphism between locally free rank 1 sheaves, In-2/ {Jn-2 +In-i) — ^ 
I2/J2 must be an isomorphism, the above exact sequence is in fact: 

L""^ -^F' -^K 

Dualizing this sequence and tensoring with L", one obtains: 
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-> A'" ® -> F ^ ^ 
Comparing with an exact sequence from above, one gets (g) L" = , i.e. 

K''' ^ L" . 

Degree n — 1: We have to analyze the morphism L"~^ — >■ E' . This completes to the 
exact sequence: 

J„-l/Jn In-l/In ^ 7„-l/(J„-l +/„)-)■ , 

i.e. : 

^ L""^ E' ^ ^0 
which, dualizing and tensoring with L" gives the exact sequence: 

R-'^ ^V^E^L^Q. 

One obtains again /f* ^ L". 

Conversely: 

Theorem. Let X C P be two smooth varieties, codimpX > 2. Let I be the sheaf-ideal 
of X in P. All cuspidal mlpotent structures of type Ca.n on X , embedded in P can he 
obtained in the following way: 

Step 1. Give two line bundles L, K on X, satisfying L" = and an extension 
Q ^ K — ^ E — ^ L — >• . The exact sequence gives rise to an injection ^ S'^E 

and a surjection S^E — > L^ . Give an extension — > F ^ L^ ^ and a 

surjection S^E ^ F such that the second extension fits in the commutative diagram: 

S^E 



>K^ 

Step 2, Give two surjections p2 
diagram is commutative: 

I/I''- 



I/I^ '-^ >L ^0 

Take J2 = ker{I I/l'^ E), I2 = ker{I -> 7/7^ ^ L). Then K ^ I2/J2, K®E^ 
II2/IJ2, and, in convenient local coordinates J2 = {x^,xy,y^,z), I2 = (a;^,j/,z). 
Step 3. Observe that: S^E = /IJ2 ^ J2/7J2. Give surjections pz : J2/IJ2 — >■ F, 
93 : I2/ IT2 — ^ L^ such that the following diagram is commutative: 



F > l2 J. 

r2 V 17 „ . r/r2 



7/7 E, q2 : I /I L, such that the following 



-^E ^0 
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h/Ih 5- l2 !■ 



Take J3 = fcer(J2 — > J2//J2 —¥ F), I3 = ker{l2 I2/II2 — > L^). In convenient local 

coordinates: J3 = {x^ , xy , y'^ , z) , L.i — {x'^,y,z) 

Step 4. Tafee 94 a retract of the canonical injection = /I^h ^ I3/II3 and a 
surjection p4 : J3/IJ3 — >■ such that the following digram is commutative: 

J3/IJ3 > > 

h/Ih > > 

Take J4 = ker{J3 J3/IJ3 — > L^), h = ker{l3 — >■ I3/II3 — >■ L^). Then, in convenient 
local coordinates: J4 = {x'^,xy,y^,z), I4 = {x'^,y,z). 

Step £, £ < n — 2. With Je-i = {x^~^ ,xy,y^ ,z), 7f_i = {x^~^ ,y,z), take qi a retract 
of the canonical injection L^~^ = 7^~^/7^~^/2 ^ le-i/IIe-i and pe such that the 
following diagram is commutative: 

Jt-i/IJt-i !■ L^-i > 

h-^IIh-^ > L^-i > 

It follows: Je = {x^,xy,y^,z), h = {x^,y,z). 

Step n-1. From the previous step we have Jn-2 = ix"~^ ,xy, y^, z), /„_2 = {x"~^, y, z). 
Dualizing the extension which gives F and tensoring with L", one gets the exact se- 
quence: 

L""^ F' ^0 . 
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Take pn-i '■ Jn-2/ IJn-2 — >■ I/" ^ to he a retract of the canonical embedding ^ = 
jn-2 1 jn-3 j^^ ^ Jn-2/ IJn-2 and qn-2 such that the following diagram is commutative: 

Jn-2// Jn-2 > L"-2 ^ 



/n-2///n-2 ^— > F' > 

Take Jn-i = ker{J„-2 — > Jn-2//Jn-2 — > L""^) anrf Jn-i = 

ter(Jn-2 /n-2///n-2 L""'). /0//0 uis t/iat, in convenient local coordinates: 
Jn_i = {x"~'^,xy,y^,z) and /„_i = {x"~^ , xy,y^ .xz, yz,z'^) 

One shows easily: 

hizl c^K 

Jn-2 + IIn-2 

Step n. Take p„ : Jn-i/IJn-i — i- L"~^ to be a retract of the canonical embedding 

^n-l j^n-lfjn-lj^ ^ Jn-l/IJn-l- Take Jn = In = ker{Jn-l Jn-l/Un-l -> 

L"""'). Then, in convenient local coordinates : Jn ~ In — {x" , xy,y^ , xz,yz,z^) and 

E' — Jn-l/Jn- 

Step n+1. Take pn ~ Qn '■ In /I In -i- L'^ = K'^ to be a retract of the canonical 

injections: L" ^ r/T'^h ^ Jn//Jn and ?^ /|/n-2/(/2 J2/n-2 + /|Jn-2 + 

Ililn-i) In/IIn- Thcn Jn+1 = Jn+1 = ker{Jn —5- Jn / 1 Jn ^ L") is a nilpotent 
structure on X of type Cz,n ■ 

Proof. Like in the previous case, one has to verify step by step all assertions. 

□ 



Acknowledgement. In the preparation of this paper the author had no other 
support besides the membership to the Institute of Mathematics of the Romanian 
Academy. 

References 

[BFl] C. Banica, O. FORSTER : Sur les Structures Multiples (manuscript) (1981) 

[BF2] C. Banica, O. Forster : Multiplicity structures on Space Curves , Con- 
temporary mathematics , 58 (1986) 

[Bo] M. BORATYNSKY : Locally Complete Intersection Multiple Structures on 
Smooth Algebraic Curves , Proc. of the Amer. math. Soc. , 115 (1992) , 
p. 877-879 

[Dr] Jean-Marc Drezet : Parametrisation des courbes multiples primitives , 
[arXiv:matirAG70605726| 

[Fe] D. Ferrand : Courbes Gauches et Fibres de Rang 2 , C.R. Acad. Sci. 
Paris , 281 (1975) , p. 345-347 

[Fo] R. FOSSUM : Commutative Extensions by Canonical Modules are Gorenstein 
Rings , Proc. of the Amer. Math. soc. , 40 (1973) , p. 395-400 



10 



[Ml] N. Manolaciie : Cohen- Macaulay Nilpotent Structures , Rev. Roumaine 
Math, pures et Appl. , 31 (1986) , p. 563-575 

[M2] N. Manolache : Multiple Structures on Smooth Support , Math. Nachr. , 
167 (1994) , p. 157-202 

[M3] N. Manolache : Gorenstein Multiple Structures on Smooth Algebraic Va- 
rieties arXiv:00706.2204vl (math.AG) 

[M4] N. Manolache : A Class of Locally Complete Intersection Multiple Struc- 
tures on Smooth Algebraic Varieties as Support , Contemporary Mathemat- 
ics , 502 (2009) , p. 129-135 

[PS] C. Peskine, L. Szpiro : Liaison des Varietes Algebriques , Invent. Math. , 
26 (1977) , p. 271-302 

Nicolae Manolache 

Institute of Mathematics "Simion Stoilow" 
of the Romanian Academy 
P.O.Box 1-764 Bucharest, RO-014700 
e-maih nicolae.manolache@imar.ro 



11 



